The equality pv, = m J,_is derived also from formula (24), from which it follows that pv_is independent of the
longitudinal coordinate.

As an analysis of formula (25) showed, with increase incm (Cw> Cm) or with increase in Cy, (Cm> cm) for a
prescribed flow rate Q, there is, as in the case of a coaxial channel, an increase in the maximum value of v, due to an in-
crease in the total flow of gas mixture and a shift of the point t o (at which v, is maximal) towards the surface with a
lower value of ¢, due to stowing down of the flow of gas mixture at the evaporation surface.

An analysis of (26) showed that with increase inc, (c, > Cp) OI €y (Clh> ¢,,) the longitudinal pressure drop for a
prescribed Q increases.

An analysis of formulas (25), (26) showed that at the limit ¢
p become the known formulas for a one-component gas

1o Cin > 0 the formulas for the distribution of v, and

a,
v, = zip"h% (1—1), p=ps— ty3,

where 6, = 12uQ/(bh®n).

Thus, recondensation of molecules of one of the components of a binary mixture greatly affects the distributions
of the longitudinal pressure drop and the longitudinal component of the mass flow velocity in the channel. The formulas
obtained in this paper can be used to describe the flow of binary gas mixtures in variable-temperature channels with small
temperature drops [ 1], where the transport coefficients (dynamic viscosity, diffusion coefficient, thermal conductivity) can
be regarded as quantities that are independent of temperature.
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CALCULATION OF THE INTERACTION OF A LAMINAR
BOUNDARY LAYER WITH AN EXTERNAL SUPERSONIC
FLOW BEHIND AN OBSTACLE

A. N. Antonov UDC 532.526.2:533.69.011.5

One can cite many papers dealing with investigation of flows in zones of separation and reattachment of a laminar
boundary layer [1-12]. In regard to computational methods, it should be noted that the method of interaction of the
boundary layer with an_external perfect flow, to determine flows in the base region, was first proposed in [1]. However,
the lack of sufficient data on the characteristics of the incompressible laminar boundary layer has made it impossible to
obtain satisfactory results on base pressure. In [4, 5] the proposed method was modified and applied to the region of
interaction of a density shock with a boundary layer [4], and also in the region of separation of the laminar boundary layer
on a cylindrical body in transverse flow [5].

The present paper computes flows behind two-dimensional and axisymmetric obstacles, based on a scheme for inter-
action of the boundary layer with an external perfect flow.

1. We consider the following approximate flow scheme in the base region behind an obstacle washed by a uniform
supersonic stream, a scheme of typical interaction of the boundary layer with an external perfect flow (Fig. 1). Between
sections 1 and 2 there is flow expansion, AB is a line of constant mass flux, and B is the stagnation point. The broken line
denotes the edge of the boundary layer. Immediately behind the body, between sections 2 and 3, there is a constant-
pressure separation region, so that the interaction flow begins at some section 3. The calculation of the interaction between
the viscous layers and the external, perfect, almost isentropic stream is carried out, as usual, with the boundary layer
equations. We write down the system of equations for the compressible laminar boundary layer

2low) L 20 g, (1.1)

Je oy ”
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with the boundary conditions

for y=0 U =y ::0, I_Iw,

foor ¥y =8 wu=wu, I=I,

where I is the enthalpy; u is the dynamic viscosity; Pr is the Prandtl number; the subscript 1 refers to parameters at the
outer edge of the boundary layer; and the subscript w refers to parameters at the wall.

The boundary conditions at the initial section of the interaction region 3 are the relations obtained from the
conditions for conservation of mass, momentum, and energy at the boundary of the constant-pressure flow zone and the
interaction region. For the boundary conditions at the final section 4, for the system of equations (1.1)<1.3) applied in
calculating the flow in the interaction region, we take the conditions written for a zero-gradient laminar boundary layer
(the pressure gradient parameter f = O; the angle between the velocity vector at the edge of the boundary layer and the
body surface 8 = 0). It should be noted that in the interaction region behind the obstacle (x < x,) both of these param-
eters f and § differ from zero, and § < 0.

Applying the Stewartson —Dorodnitsyn transformation
5 4

;;S‘L*p—’n—‘ds, n=-t \—‘g-dn, (1.4)
3 5

we reduce the system of equations for the compressible boundary layer to a system of boundary-layer equations for in-
compressible flow; here it is assumed that Cp = const and Pr = 1, and

. . T, (1,+cC)
Lowd o)/ ()

Bor e TC

where C is the Sutherland constant.

From the system of equations for the incompressible boundary layer we can obtain the following integral equation
{2, 31

dpE* v, o
et U Foore 0 =2 (an)w' (1.5)
Here U= (am/al)u is the velocity in the transformed coordinate system

0 6

o g(l———-) dn, 0% = 5—%(1——5—1) dn, (1.6)

where 9, 9%, §** are, respectively, the boundary-layer thickness, the displacement thickness, and the momentum loss thick-
ness for the incompressible boundary layer.

We introduce the notation S =1 /101 — 1, where I is the stagnation enthalpy. We introduce the parameters
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F = 2{{(H -~ 2) — 1], H =8*%0%% h = §%/8%%,
From the second relation of Eq. (1.7) we can obtain the expression
dM/dr = —fEPM/0%*Re,,
where £° = d§/dx;Rex = UIO**/vm. From Egs. (1.5) and (1.7) we also obtain
do**/dx = F:%/2Re,.

Since the outer edge of the boundary layer intersects a stream line of the perfect fluid at a local angle whose tangent
is d8/dx — tan B, the continuity equation is written in the form [1]

dd

Z[E - g p i X
where § is the angle between the velocity vector at the edge of the boundary layer and the x axis. After transformations
we obtain

a5+ .8 A
?F~tgﬁ—‘_pz( '\h—y—il dx

where 8, 6%, 6** are the boundary layer thickness, the displacement thickness, and the momentum loss thickness of the
compressible boundary layer; h* = §*/§; H* = §%/9.

Thus, the system of equations determining the flow in the zone of interaction of the boundary layer and the
external perfect flow has the form

dMide = F(M, 6%, 8%%), do*'dz =¢ = Fy(M, 8%, 0%%),

(1.8
dB¥*/dr = Fa(M. 8%, %), )

where
R \
JEM Sl IR )
F():__m’ Fl:tgﬁ"ﬁ}-&—[%(ﬁ—_l/yﬁ’
. rs . P dé*
Fom o Fyoniilus o 208
5 ZRey Tor 3 s

In order to use the system (1.8) we need to find the relation between the parameters H, H*, [, F, Sw and f. We

can find these by using the Falkner—Skan similarity solutions for gradient laminar flows in an incompressible boundary
layer, obtained in [2, 3]. Figures 2-4 show the computed relations thus obtained H = H(f), [ = I(f) and H* = H*(H) for
S, = 0and —0.8, which determine the relations for the incompressible boundary layer between the shape factor H and
the pressure gradient parameter f, between the friction parameter [ and the parameter f, and also H* = 8*/8 and H. Here

subscript 1 denotes curves with S = 0, and subscript 2 denotes curves with S_ = —0.8. The curves in Figs. 2 and 3 have
two solution branches, corresponding to attached and separated flow. In Fig. %} the attached fiow region corresponds to
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the lower branch of the curve, and the separated flow corresponds to the upper branch. In Fig. 3, on the other hand, the
upper branch of the curve defines the attached flow region, and the lower branch defines the separated region. With varia-
tion of SW there is a change in the shape of the curves, and there is a change in the location of the points of boundary-

layer attachment and separation.

In order to solve the system (1.8) we must relate the basic parameters of the physical flow plane and the transformed
flow plane. Using Egs. (1.4), (1.6), and (1.7), we obtain

gl o T,I (1.9)
g% g %_-% (1.10)

I I
h:'IofH"'(IL:_ \) (1.1
Bl 05 x—1)M (1.12)

HIH*—0,5(x— 1) M% (H + 1)
where

9
H = (0% + 5,00)/0%%; 07 = | Sdn/S,.
0

At each step during the computations, in integrating the system of equations (1.8) we determine the parameters
M, 6%, 0** and find the momentum loss thickness §** from Eq. (1.10). Then we calculate the additional boundary layer

parameters H, H*, h, h*, f, /. Here h = §*/6**; the parameter H is calculated from Eq. (1.11), and then we find f from
H using Fig. 2, and the value of ! is determined from Fig. 3. The parameter H* is determined from Fig. 4, and the param-

eter h* is calculated from Eq. (1.12). For planar flow the parameter § is computed from the Prandtl—Meyer relation, and
by the method of characteristics for axisymmetric flow.

2. The initial conditions for the system of equations (1.8), describing the flow in the interaction zone in the wake
behind the obstacle, are determined from the condition that this flow must match the flow in the constant-pressure mixing
Zone.

We shall denote by 8,, 8%, 67%, M, , respectively, the boundary-layer thickness, the displacement thickness, the

momentum loss thickness, and the Mach number. Considering first planar flow, we assume that at section 2, corresponding
to rotation of the external perfect flow through an angle 8, = MM,) — A(M,), a boundary layer arises with parameters

5, 6;‘, 6;‘*, M2. The relation between the parameters 8’{‘* and 6’2“* for the boundary layer which has passed through the
expansion wave, we shall choose in the form [13] :

*/51 =z= (P1u1M§)1/(P1u1M§)2- (2.1)

We determine the parameters in the constant pressure flow zone. From the second relation of Eq. (1.8) we
calculate the displacement thickness 6* , and then, using the conditions for conservation of mass and momentum in the
constant-pressure zone, we determine the momentum loss thickness

88 = (85 +0) + oz, 8T =8", ¢_=1tgh (M- =DM, (2.2)

Matching of the interaction flow with the constant-pressure flow is done, as in {14], with the condition for con-
servation of the displacement thickness and the momentum loss thickness at section 3:

85 = O34, O5n = 831 (2.3)
We determine the length of the constant-pressure region x, from the condition that the velocity and enthalpy

should be the same on the dividing streamline of the mixing zone and on the dividing streamline in the interaction region
at section 3:
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2.4)
where a* = U /Uy I° =1 Z/ Iy; Ug and I are the velocity and total enthalpy on the dividing streamline.

In the flow interaction region, using the Falkner —Skan similarity solutions, we can obtain the relation H = H(a*, 1°),
which it is convenient to represent, for Iw /I01 = ] (here I® = 1) in the form [4, 5]

H = (0,248 — 0,435a* — 0.03662%%)~% (2.5)
We now choose a dimensionless coordinate for the constant-pressure mixing zone in the form

e XL L (2.6)

where
» / . T % **/
X = z,/c08 Bo; Re=p,u; X/py; Re* =0,u,6; /-

We can calculate the relative velocity a* as a function of x* and I° for the mixing zone by the method of {6, 71.
For the case I® = 1 the dependence of a* on x* has the form [6]

a* = 0,338 + 0.278 1g z*. (2.7

By simultaneous use of Egs. (2.1){2.7) we can determine the length x, and calculate the parameters 5’3“» 8’3“"", M3 ,
which serve as initial boundary conditions for integrating the system of equations (1.8). Here from the given M, we
determine §,, and from Egs. (2.1) and (2.2) we calculate §5* and ¢;. From the known value of 5’1"* we calculate Re*,
and from Eq. (2.6) we calculate x*. From Egs. {(2.7) and (2.5) we calculate the shape factor H, and then h, from Eq.

(1.11). Using the value of h,, we can calculate the displacement thickness 85 == %6: . For section 3 we write the first
relation of Eq. (2.2) in the form

o | 87 - b
Ty = 8y |y — ~;~> /w (2.8)
\ I

From Eq. (2.8) we find x,, since all the quantities on the right side are known.

The flat plate flow conditions (8, = 0, f, = 0) serve as the final boundary conditions at section 4. We note that
the calculation is simplified for §, > b. In that case boundary layer flow is realized practically everywhere behind the
obstacle and x;~0. In solving the boundary problem, as in [14], for the system of equations (1.8) the integration is
done from section 3 in the direction of the main flow, up to section 4; here the value of M, (or of p,) is chosen by a
“ranging” method in such a way as to obtain the parameters 8, = 0 and f; = O at section 4.

3. For laminar flow behind the obstacle, as has been shown by experimental investigations [8, 9], the governing
parameters are M, , Re, 6;**/b, Sw. We consider the influence of these on the base pressure. Calculations show that with

increase of M, there is a decrease in the base pressure, a decrease in Re leads to an increase in base pressure, an increase in
the relative boundary-layer thickness increases the base pressure, and cooling of the obstacle surface {(decrease in S, ) re-
duces the base pressure. To find the influence of S, on the base pressure we performed calculations for S = 0 and —0.8
for the case where the boundary-layer thickness is comparable with the obstacle height (8, &~ 5).

Figure 5 shows the calculated pressure distribution p° = p/p1 behind the obstacle at M, = 2.9 for the undisturbed

flow ahead of the obstacle (solid curve), and compares this with experimental data (points) corresponding to the values
M, =209, Re, = 0.3-10%, b = 0.2:10"2 m for which the experiments were conducted.
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An annular contoured nozzle with a center-body was used in the experiment. The center-body was a model, a
cylinder with an axisymmetric step whose surface was parallel to the flow axis. The model diameter ahead of the step was
d = 2r, = 20 mm, and the step height was b = 2 mm. The static pressure was measured ahead of the step and along the
surface behind the step, using tubes with internal diameter d, = 0.8 mm. The Reynolds number Re, was computed for
the incident flow ahead of the step, using the center-body length from the nozzle throat to the base. To measure the
static pressure we used manometers filled with a liquid of low specific gravity and low vapor pressure (dibutylphthalate,
specific gravity 1.049 g/cm?®, vapor pressure 107 torr). Prior to the experiment a fore-vacuum pump evacuated the manom-
eter cavities and tank to 102 torr. The error in measuring the base pressure was 2-4%. The value of M at the nozzle
exit was calculated from the total profiles in the core. The asymmetry in p(’) /p0 within the core (y = 2-12 mm) was

A(ps/ps) = 7% , which corresponds to a variation of M ~ 1%.
The boundary-layer thickness ahead of the separation (8; &~ 2.2 mm) was measured by means of a total pressure

tube (a micro-probe); here we determined the boundary between the annular flow core and the boundary layer. We used
this approach because the investigations were done at low pressures and the accuracy in measuring the p(’) /p0 profile was
low.

Estimates were made of the influence of the parameter 8,/r;= 0.22 on the characteristics of the boundary layer
on the convex axisymmetric surfaces, and these showed that the boundary layer before separation in the case considered
is close to a flat plate boundary layer, and that some inaccuracy in determining B’f*/ b has practically no influence on the
base pressure. When there is flow separation on a body with r, = 10 mm, three-dimensional effects may influence the
base pressure, due to differences in the flow considered from the planar case. However, as is shown by the experimental
investigations of various authors, e.g., [8], this influence is small, even when significant three-dimensional effects are present
in the base region.

We also computed flows behind axisymmetric steps. Here we used the same flow model as for the planar flow, but
the computation of the external perfect flow (to obtain the parameter §) was done by the method of characteristics [ 14,
15]. To determine the parameters at section 3 of the beginning of interaction of the boundary layer with the external
perfect flow we used the relations

X3
of= (85 4+ )+ | tgpdz, 8" =2z8t%,
0 2

which can be obtained, for the constant pressure flow zone, from the second and third equations of Eq. (1.8). The final
boundary conditions for the system (1.8) are the conditions 8, = 0 and f, = O at section 4. This method was applied for

a base support bracket radius of r, > §, . The results from tilis method of computation are compared with the results

of experiments performed in [10, 11] for incident stream values of Mim:ident (Minci dent = 8; 11.8; 14) and of Re incident based on
the model midsection diameter and the incident stream parameters of Re == 2.5-10% 5.10% 0.12-10%. In these experi-
ments the base pressure p‘i’nci dent = Poase /pirl cident WS measured behind cones of semivertex angle o, = 5° [10] and 15° [11].

The experimental results are shown in Fig. 6 by points 1 and 2, respectively, for [10] and [11], and points 3 show the
calculations done for flow over the cones. In the computations we used the relation

o — bl
A T
in I’c pin
where Py iqone 18 the pressure in the oncoming stream; p_ ., Py .. are the pressures on the cone surface and in the base

from conical flow tables, and the ratio p,,_./p was

was calculated for a given M cone

region. The ratio p,_. /P, cident incident

calculated using the method of this paper. The calculation was done for a cone with a base bracket whose relative size is
r2/r1 = (.25. The experimental results on base pressure behind a cylindrical body and a cone with a base bracket, for

turbulent, transitional, and laminar flow conditions [12, 16] show that the base pressure for r/r, = 0-0.3 is approximately
constant. Therefore, we can compare the calculated results for r,/r, = 0.25 with the experimental data for r, /r1 = (0, The
results of the calculations (Fig. 6) show satisfactory agreement with experiment.
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SOLITONS IN A DOWN-FLOWING FILM WITH MODERATE
MASS FLOW RATES OF THE LIQUID

0. Yu. Tsvelodub UDC 532.51

Using the hypothesis of self-similarity, in [1] an equation was obtained describing long-wave perturbations in a
vertical film of liquid with moderate mass flow rates:

i, ad), ot 245 00 gk  Refd AV AT
(Gral)hrmnZ— 2R f(nl) 2 (2 b0 Z)(2 -0 L)nswih=g, M

where Re = ghg/ 32, W= a/phg; h is the shift of the surface of the film from the unperturbed level, measured in units of

hg;and hy is the thickness of the unperturbed film.
For a steady-state running wave h = h(x — ct), from (1) we obtain

(3 — b -+ 6hh" — 2 Re i)Y/ 15 + Re(1.69 — e)(0.71 — o)”’/3 — WAIV =0 (2)

(a prime means differentiation with respect to x).
In finding soliton solutions of Eq. (2), it can be integrated once:

(3 — )k - 3h* — 2Rec?hi’ /15 -~ Re {1.69 — o)(0.71 — o)h"/8 LWh'" =0, 3)
Using the replacement
h =aH, 2, = bz, )
a = Wh b = (Be(1.6% — )0.71 — ¢)/3W)/2
Eq. (3) is brought to the form
—o,H + 3H* — 2mHH — H' - H'" =0, &)
where
= (¢ — 3B (LG9 — (0,71 — ),
o ={c — 3)(3(( (0,7 i) )

m o= 2{(1.69 — o){0.7TL — o)) 25, 2 = (Re3/W)k2.
Relationships (4)-(6) are valid if

¢c>1.69 or ¢<0.71.
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